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1 Introduction

By 8™, O”, and X" we denote, respectively, the space of n X n symmetric
matrices, the orthogonal group on R", and the group of n x n permutation
matrices. For X € 8™, by A(X) € R" we denote the vector of eigenvalues
of X in nonincreasing order:

AL(X) = Aa(X) > -+ > An(X).

For any = € R™, by [z] € R™ we denote the vector with the same coordinates
as z ordered nonincreasingly.

A function f: R® — R U {+o0} is called symmetric if f(x) = f(ox) for
all z € dom f := {z € R" : f(z) < +o0} and all 0 € ¥". Necessarily, the
domain of a symmetric function is a symmetric set in R™: x € dom f if and
only if ox € dom f for all o € 3.

A function F: S® — R U {+oc} is called spectral if F(U' XU) = F(X)
for all X € dom F' and all U € O". Necessarily, the domain of a spectral
function is a spectral set: X € dom F implies that the orbit {UTX U:Ue
O™} is also in dom F. Note that if K is a symmetric set, then
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is a spectral set. It is not difficult to see that the spectral functions are in
one-to-one correspondence with the symmetric functions. The relationship
is given by the formulae

F(X)=(foN(X) and f(x) = F(Diaga),

where Diagx denotes the n x n diagonal matrix whose diagonal elements
are the coordinates of x. Properties of a symmetric function f on R™ and
the associated spectral function F' := f o A on S™ are closely related. Even
though the map X — A(X) can be very badly behaved, for example it is
not everywhere differentiable, many problems are corrected by the invariance
property of f. An illustration of this is given with the following theorem [7]
(see also [11]).

Theorem 1 (Convexity preserved). Let the set K in R"™ be conver and
symmetric and suppose that the function f: K — R is symmetric. Then the
set \TYH(K) is conver and the spectral function F = f o X\ is convex if and
only if f is convex.

Differentiability is another property that is preserved, [12, Theorem 1.1],
as recalled by the next theorem. An analogous result also holds for twice
(continuously) differentiable spectral functions, see [14]; for C°° spectral
functions, see [5]; and for analytic spectral functions, see [15].

Theorem 2 (Differentiability preserved). Let the set K in R™ be open
and symmetric and suppose that the function f: K — R is symmetric. Then
the spectral function F' = f o X is (continuously) differentiable at (around)
the matriz X if and only if f is (continuously) differentiable at (around) the
vector A\(X).

In this paper we continue to built on this line of research. We establish
that the important variational property of prox-regularity can be added to
the list of properties for which the transfer principle is valid. The prox-
regularity, studied in [16] and [17] in particular, has proved to be a robust
notion of nonsmoothness enjoying nice “geometrical” properties, generali-
zing both convex functions and smooth functions. The prox-regularity has
also been used in algorithms, in particular in the identification of active
constraints or the conceptual construction of predictor-corrector algorithms,
see for instance [8], [6].

In order to give the precise definition of prox-regularity, we need to recall
some basic definitions, following [19]. A set C' C R” is said to be locally
closed at a point z if C NV is closed for some closed neighborhood V' of z.
A function ¢: R" — R U {+o0} is said to be locally lower semicontinuous
at T if () is finite and epiy = {(z,t) € R" xR : ¢(x) < t} is locally closed
at (Z,p(z)). Given a function ¢: R” — RU {400}, we say that v € R" is a
reqular subgradient of ¢ at &, denoted by v € dp(Z), if ¢ is finite at T and

(@) 2 p(@) + 0 (& —2) + ol | — ).



As usual, t — o(t) denotes a real-valued function defined in a neighborhood
of the origin 0 of R and satisfying o(t)/t — 0 as t — 0. If the function ¢
is infinite at Z then we set 5@(%) = (). We say that v is a subgradient of ¢
at T, written v € dp(Z), if ¢ is finite at & and there is a sequence z — T
with values ¢(21) — (Z) and a sequence vy, € dp(xy) such that v, — wv.
Analogously, if ¢ is infinite at Z then we set dp(T) = 0.

Throughout the text, B(x,r) will denote the open ball with center z €
R™ and radius » > 0. The definition of prox-regular function is then as
follows, see [19, Definition 13.27].

Definition 3 (Prox-regularity). A function ¢: R” — RU{+o0} is called
proz-reqular at T for v if ¢ is finite and locally lower semicontinuous at z,
v € 0p(Z) and there exist § > 0 and p > 0 such that for all x,y € B(Z,J)
and v € dp(z) with p(z) < ¢(z)+ 6 and ||lv — || < J, we have

o) = o(@) + 0" (y— ) = Elly — all*.

The function ¢ is called prox-regular at z, if it is prox-regular at Z for all
v € 0p(T).

The main result of this paper, stating that the prox-regularity is trans-
ferred from a symmetric function to the corresponding spectral function and
vice-versa, is the content of the following theorem.

Theorem 4 (Prox-regularity preserved). Let f be a symmetric lower
semicontinuous function. Then F = f o X is proz-reqular at X if and only
if f is proz-reqular at A\(X).

The proof of the above theorem will be given at the end of the paper
(Theorem 17 in Section 4). Before, in Section 2, we shall first consider two
particular cases of prox-regular spectral functions, for which a direct proof
of the transfer principle can be given. In Section 3, we shall take a close look
at the subdifferentials of spectral and symmetric functions, building tools
for our development. We finish this first section by fixing terminology and
notation.

Notation — Terminology. The canonical Euclidean norm on the space S™
of n X n symmetric matrices, often called the Frobenius norm, is defined by
the formula:

IXP = 3 X% =t (x2)
i,j=1
The associated inner product is denoted by (X,Y) = tr (XY). The above

formula for the norm in S™, when restricted to diagonal matrices, corre-
sponds to the Euclidean norm in R™ (still denoted by || - ||), since ||z| =



|IDiag x||. It is also well-known that

1X1* = ZAQ ) = AN

that is

X[ = (I - [ o A)(X). (1)
The above relation shows that the Frobenius norm is a spectral function
on S™ associated with the canonical Euclidean norm on R™.

In the sequel we shall say that two matrices X, Y in S” admit a simulta-
neous spectral decomposition if they are simultaneously diagonalizable in the
same orthonormal basis, that is, if for some orthogonal matrix U € O™ the
matrices U X U and U' Y U are diagonal. Tt is known that X and Y admit
simultaneous spectral decomposition if and only if XY = Y X (see [9]). A
more restrictive condition is to assume that the matrices X and Y admit
a simultaneous ordered spectral decomposition, which guarantees that the
obtained diagonal matrices are precisely Diag A(X) and Diag A(Y), that is,
the entries in both diagonals are ordered in a nonincreasing way. The next
theorem due to Fan shows precisely when two matrices X and Y admit
simultaneous ordered spectral decomposition (see [3, Theorem 1.2.1]).

Theorem 5 (Fan). Any two matrices X andY in S™ satisfy the inequality
(X,Y) =tr (XY) < MX)TAY).

Equality holds if and only if X and Y admit a simultaneous ordered spectral
decomposition.

2 Examples of prox-regular spectral functions

In this section, we consider two particular cases of Theorem 4 for which
the transfer principle can be established by direct arguments. Namely, we
discuss the case of uniform prox-regular spectral functions and of indicator
functions of prox-regular spectral sets. A common point of both cases is a
uniform character of prox-regularity.

2.1 Uniform prox-regularity

The notion of uniform prox-regularity corresponds to the standard prox-
regularity with parameters independent of the subgradients v € dp () (see
[2)).

Definition 6 (Uniform prox-regularity). A function ¢: R” — RU{+o0}
is called uniformly prox-regular at T if there exist 6 > 0 and p > 0 such that
for all z,y € B(z,9) and v € dp(z) with ¢(z) < ¢(Z) + J, we have

o) = o(@) + 0" (y— ) — Elly — all®.



A uniformly prox-regular locally Lipschitz function is also called proxi-
mally smooth or lower-C? ([18], [4]). Let us recall that a lower semicontin-
uous (respectively, a locally Lipschitz) function f is uniformly prox-regular
(at a point x) if and only if f admits a local representation (around x) of
the form
where g is a lower semicontinuous (respectively, continuous) convex function
(see [2, Corollary 3.12] and [1, Theorem 4.1] for example). Using this rep-
resentation a straightforward proof of Theorem 4 for the case of uniformly
prox-regular functions can be given: indeed, we can write

for=(g=pBll-1Hor=gor=5|-|,

the second equality stemming from (1). Thus the result follows from the
convex transfer principle (¢f. Theorem 1).

2.2 Indicator functions and spectral sets

Let C be a subset of R™ and & € C. A vector v is called a regular normal
vector to C at z, denoted by v € N¢ (), if

v (z — %) < o(||lx — Z||) for z € C.

A vector v is called a normal vector, denoted by v € N¢(Z), if there exist
sequences x — T and v — v with v € Nc(ack) A closed subset C of R"
is called proz-regular at & € C' for v € No(z) if there exist 6 > 0 and p > 0
such that whenever 2z € C' and v € Ng(z) with ||z —Z|| < § and ||jv—19| < §,
then z is the unique nearest point of {2/ € C': ||z’ —Z|| < 6} to x+v/p. The
set C' is proz-reqular at Z if this property holds for every vector v € N¢(Z).

As expected, C is prox-regular if and only if its indicator function is
prox-regular at Z and, according to [17, Proposition 1.2], C' is prox-regular
at Z is and only if it is prox-regular at z for v = 0. Let us now recall from [17,
Theorem 1.3 another important characterization of prox-regularity for sets.

Theorem 7 (Prox-regular sets vs distance functions). Let C C R"
be a closed set and z € C'. Then C is proz-reqular at T if and only if the
distance function dc is continuously differentiable on O\ C' for some open
neighborhood O of .

In the sequel we use the above characterization to get a direct proof of
the transfer principle of prox-regularity for spectral sets, or equivalently, for
indicator functions. To this end we need to establish that the distance func-
tion dg (x) := infyek ||z — y|| to a symmetric subset K of R" is a symmetric
function. This is one of the conclusions of the following statement.



Proposition 8 (Symmetric distance functions). Let K be a symmetric
subset of R™. Then the distance function dx to K is symmetric: dg(x) =
di(ox) for allo € 3™ and x € R™. Moreover, the distance function Dy-1 (g,
to the spectral set \"Y(K) satisfies:

D/\—l(K) = dK oA\

Proof. Let z € R" and ¢ € ¥". Since we have c K = K, making the
change of variables z = oy we deduce that

dic(0w) = inf low — 2| = inf low —oy| = inf llo — y]| = di(z),

which shows that di is permutation invariant. To see that Dy-1(x) is a

spectral function we fix X € S” and U € O" such that X = U Diag\(X)U,
and we obtain

Dy-1(5)(X) = YeAi{lf(K) X =Y

= inf |[U"(Diag\(X)\U —Y
Yau_ll(K)ll (Diag A(X)) |

— inf |DiagA(X)-Y
Y@H_ll(K)II lag A(X) Y|

< inf JA(X)
yE
= dic(A(X)).

For the opposite inequality, let us observe that a direct consequence of The-
orem 5 is the fact that |[A(X) — A(Y)| < || X — Y|, for any two symmetric
matrices X and Y. Using this we deduce
D, X)= inf X-Y
A 1(K)( ) Y@l{ll(K)H |

inf AX) =AY
L IN) = A

> inf [|AX) —
> inf M)~y

v

= dr (MX)).

The proof is complete. ]

The following result relates the prox-regularity of symmetric sets with
the prox-regularity of the corresponding spectral sets; in other words, it
proves Theorem 4 in the particular case of indicator functions of spectral
sets.

Theorem 9 (Prox-regular spectral sets). Let K be a symmetric subset
of R™ and let X be an element of \™'(K). Then the set K is proz-reqular
at \(X) if and only if \"1(K) is proz-reqular at X.



Proof. Observe first that K is closed if and only if A\™!(K) is. We deduce
successively

K is prox-regular at A(X)

<— dg is C' around )\(X) [Theorem 7]
<= dgoAis C! around X [Theorem 2]
< D)\—l(K) is C1 around X [Proposition 8]
<= M Y(K) is prox-regular at X [Theorem 7]
which completes the proof. [

We end this subsection about spectral sets by stressing an interesting
property of the spectral prox-regular set A\~!(K). Being prox-regular, the
projection mapping is locally unique, that is, there exists a unique nearest
point locally around A~!(K); on the other hand, being a spectral set, we
can get an explicit expression of its projection: if the point x € K is the
nearest point of K to y € R™, then for any orthogonal matrix U € O™, the
matrix U (Diag2)U € A7}(K) is a nearest matrix of the spectral set A™1(K)
to the matrix U' (Diagy)U. This result has been recently established in [10,
Theorem A.1] and generalizes several projection results that are used in
projection algorithms in a nonconvex setting (see the introduction of [10]
for an overview of this question). Using the material of this paper we can
hereby give an alternative quick proof of the aforementioned result along
the following lines: Since dx is a symmetric function, we have dgx(y) =
|z — y|| = dx([y]), thus by Proposition 8 we obtain

D1 (U (Diagy)U) =dx ([y]) = |~y = |U" (Diag 2)U~U" (Diagy)Ul,

which proves the desired assertion.

3 Properties of subdifferentials

In order to tackle the general (non-uniform) case, we have to grind our
tools: in this section we study properties of the subdifferentials of spectral
and symmetric functions.

Theorem 10 below gives a full description of the subdifferential of a
spectral function F' = f o A in terms of the subdifferential of the underlying
symmetric function f. This result is a cornerstone for the variational the-
ory of spectral mappings and will play a fundamental role in our analysis.
Results of this kind were initially established for subdifferentials of convex
spectral functions (see [11], [3] for example). A much more general result
holds for the class of lower semicontinuous spectral functions and for the
notions of regular, limiting or Clarke subdifferential (see [13] for details).



Theorem 10 (Subdifferential of spectral functions). If f is a lower
semicontinuous function, then

OF(X) = {UT (Diagv)U : v € df(M(X)) and U € O%}, 2)

where
" ={Ue0": X =U"(Diag \(X))U}. (3)

We point out that given two matrices X,V € S™ the relation V € 0F(X)
implies that X and V admit a simultaneous spectral decomposition. Inter-
estingly, when F' is a convex function then the relation V' € 0F(X) implies
that X and V admit a simultaneous ordered spectral decomposition. Indeed,
by (2) we have V = U'(Diagv)U for some v € df(A\(X)) and U € O%.
Then, by the convexity of F' we obtain

F(Y)>F(X)+(V,Y — X) forall Y € S".

Let o € X" be such that cA(V) = v and take Y = U (Diag o A\(X))U. Then
the above inequality yields

F(X) = AV)'AX) = F(Y) = (V,Y) > F(X) - (V, X),

whence (V, X) > A(V)"A(X), which in view of Theorem 5 shows that X
and V admit a simultaneous ordered spectral decomposition.

The fact that convexity of F' is crucial for the conclusion that X and V'
admit a simultaneous ordered spectral decomposition is illustrated by the
following example.

Example 11 (Unordered decomposition). Consider the symmetric func-
tion f(x1,x2) = x1we. It follows easily that the spectral function f o A is
differentiable at the point X = Diag(1,2) with gradient V' = Diag(2,1).
Obviously the matrices X and V are simultaneously diagonalizable (and
then admit simultaneous spectral decomposition), but they do not have a
simultaneous ordered spectral decomposition. u

In the convex case the property that the matrices X and V admit a si-
multaneous ordered spectral decomposition simplifies significantly the vari-
ational analysis. We can indeed relate the size of the subgradients of the
functions f and F, with the estimation

IA(V) = AVOI < IV = V7, (4)

holding with equality if and only if V' and V' admit a simultaneous ordered
spectral decomposition (as a direct consequence from Theorem 5). On the
other hand, if f is a general lower semicontinuous spectral function, the
group of permutations over the coordinates should be taken into account:
forthcoming Theorem 15 will thus be very useful for our purposes.



Given z € R™ and v € 0f(x) the following set of permutations appears
naturally in our study:

Sy ={0€X" :ovedf(x)}, (5)
that is, permutations that applied to v remain in the subdifferential.

Remark 12 (Permutations leaving z invariant). It is straightforward
to see that for every permutation o € 3" and any x € R™ we have

Of (ox) = o0 f(x).

Thus, any permutation o € X" leaving x invariant (that is, cx = x) belongs
in particular to ., , for any v € df(z). On the other hand, the exam-
ple of the constant function f(x1,79) = 0, for all (z1,72) € R? or of the
(symmetric) function

g(x1,x9) = min{|x; — zo — 1|, |21 — x2 + 1|}

show that, in general, the set ., , may contain more elements. Indeed, take
(in both cases) z = (1,0), and let u = (0,0) € 9f(z), v = (1,—1) € dg(x)
and o the non-trivial permutation of %2. n

The following lemma is taken from [13, Proposition 3].

Lemma 13 (Simultaneous conjugacy). Given vectors x, y, u and v in
R™, there is a matriz U € O™ with

Diagz = U' (Diagu)U  and  Diagy = U' (Diagv)U
if and only if there is a permutation o € 3™ with x = ocu and y = ov.

Let us continue our analysis with the following technical lemma stating
that if two subgradients of the spectral function F' are close to each other,
then the underlying subgradients of the corresponding symmetric function f
are also nearby up to a permutation.

Lemma 14 (Proximity of subgradients). Consider a subgradient V of
the function F at the matriz X, and the corresponding decomposition V =
UT (Diag0)U, where U € 0%, v € 9f(Z) and T = A(X). Then for every
e > 0, there exists § € (0,¢) such that for any V € OF (X) with corresponding
decomposition V. = U' (Diagv)U for some v € 9f(AN(X)) and U € O%
satisfying

X - X|| <6 and |V -V|<$6

there exists a permutation o € 55 such that |[v — o?| < e.



Proof. Let us assume, towards a contradiction, that there exist € > 0 and
sequences Xy — X, Vi, =V, U € O% , and vy, € Of (M X)) satisfying

X, = U, (Diag\(X3))Ux  and  Vj, = U,,' (Diagvg) Uy (6)
such that
Vo € Sis  |luk —ob| > e (7)

Let {ox}r>1 C X" be such that vy = opA(Vy), for all £ > 1. Since O" is
compact, there is no loss of generality to assume that Uy — U. Since X" is

finite, it follows by the continuity of A(:) that vy approaches v := & A(V')
for some 6 € ™. Let us now observe that

V =U' (Diag®)U = U' (Diagv)U,
yielding
Diagd = (UU")(Diag3)(UT")' .

Since U, U € O’;, we also have
DiagZ = (UU")(Diag f)(UUT)T.

Applying Lemma 13 together with Remark 12, we conclude that there is a
permutation ¢ € .%; 5 such that © = gv. This contradicts (7) and the proof
is complete. [

Theorem 15 (Proximity up to a permutation). Let V be a subgradient
of F at X and let V = U" (Diag®)U be its corresponding decomposition,
where U € O, v € Of(z) and & = \(X). Then there exists 6 > 0 such that
for all § € 0,0) and all V € OF(X) with decomposition V = U' (Diagv)U
forv e df(ANX)) and U € O% satisfying

X — X[ <6 and |V -V]<$§

there exists
RSS2 such that |lv —ov|| < 6.

Thus, by (5), we have dist(v,df(z)) < 4.
Proof. Let us set
A =min{|jov — 70| : T € S5, 0 & Sz} > 0. (8)

Applying Lemma 14 with ¢ = A/3 we get a constant § > 0 (with A/3 > §)
and a permutation 7 € %z 5 such that ||[v — 79| < A/3. Let us now consider

the permutations o, & such that v = cA(V') and v = g A(V), so that

lv = oo™ 0] = o™ — o7 0] = [AV) = AW < [V = V.

10



Thus setting w = 06! we have |jv — wo|| < [V -V|| <0 < A/3. To
conclude, it is sufficient to show that w € .7z 5. Indeed,

|lwto — 70| < [|wo —v|| + [jv—70]| <A/3+A/3 <A,

which in view of (8) yields that w € .%% 5. The proof is complete. [ ]

4 Prox-regularity of spectral functions

To prove our main result, we need the following characterization of prox-
regularity for the case of symmetric functions.

Lemma 16 (Prox-regularity of symmetric functions). Let f be a lower
semicontinuous symmetric function. Then f is prox-reqular at T for v €
Of (z) if and only if there exist p > 0 and § > 0 such that for all z,y € B(z,0)
and v € 0f (x) with f(z) < f(Z) + 0 and ||[v — 7| < 6 we have

floy) > f(x) + 0 (oy — ) — gHUy —z||? for all 0 € T 9)

Proof. The sufficiency of the above condition is obvious (just take o = id).
Let us prove the necessity part. The prox-regularity of f at Z for v gives
6 > 0 and 5 > 0 such that for all 2,z € B(Z,4) and v € f(z) satisfying
v — 3| <6 and f(z) < f(Z)+ 0 we have

f(2) = f@) + 0T (z =) = LIz — 2%

Let us pick any B
L> o]+ (10)

and let us use the lower-semicontinuity of f to obtain a positive constant
§ <min {1, §} (11)
such that for all y € B(Z, )
fy) = f(z) =L+ (12)

Let us finally set
p > max{ﬁ, 4L/(52} .

Having defined the constants ¢, p > 0 let us take 0 € X", x,y € B(Z, )
and v € Of (z) such that ||v — 0] < ¢ and f(z) < f(Z)+J. We aim to prove
that (9) holds. Observe that this is indeed the case whenever ||oy — z|| < 4,
so we may assume ||oy — z|| > 6. Let us further set

Ar=f@)-L+5 and Ao =f@) +d+Lu—Su? (neER).

11



Claim. Ay > Ag(p) for all p € (9, +00).

[Proof of the Claim. We need to show that the inequality

holds for all p € (J,400). The discriminant of the left-hand side, as a
polynomial in g, is strictly positive. It is easy to see that since p > 4L/§?
its larger root satisfies

L+ /L(L+ 2p) <5

p

This proves the claim.]

We further infer from (12) and the invariance of f that

floy) = fy) = A, (13)
while using (10) we deduce that
loll < o]l +6 < ||| +6 < L.

Let us set yu := ||oy — z|| > and note that in view of (11) we have p > 6.
We thus deduce

f@)+o oy —2) = Elloy — 2l]* < (£(@) +8) + ol p— 5 1* < Aaln).
Since A; > Ag(u) we obtain from (13) that
F(oy) = (@) + v (oy —2) = Slloy — .

which completes the proof. [

We are now in position to prove the main result of this work.

Theorem 17 (Main result). Let f be a symmetric lower semicontinuous
function. Then f is proz-regular at ANX) if and only if F = f o X\ is proz-
reqular at X.

Proof. (<). Suppose that F is prox-regular at X for any V € 9F(X).
Then, it is easy to see that f is prox-regular at A\(X) for any v € 9f(A(X))
by using (4) and the formula f(z) = F(U' (Diagz)U).

(=). Assume that f is prox-regular at A\(X). We need to prove that F is
prox-regular at X for any V € OF(X). Set z = A\(X), let, by Theorem 10,
v € 0f(z) and U € O% be such that V = UT(Diago)U. To prove the
prox-regularity of F' at X for V', we proceed in three steps:

12



e the first step consists in fixing the values of the parameters §, p > 0;
e in the second step we introduce the working variables in S and R";

e in the final step, we deduce the inequality of prox-regularity of F' at X
from the one of f at z.

§tep 1: Qhoice of parameters. We first apply Theorem 15 with respect
to V € OF(X) (and its given decomposition V' = U (Diag9)U, with U €

%, 0 € 0f(Z) and £ = A(X)) to obtain ¢ > 0. Then, for each 7 € 77 5, we
use the prox-regularity of f at z for 70 € 0f(Z) to get d > 0 and p; > 0
by Lemma 16. We then set

6:min{{5T, Teyggj}u{g}} and p:max{pT, Teygw}.

Step 2: Definition of variables. Consider X, Y, V' € S” such that
Y -X|| <4, |X-X|| <65, VeEeoF(X), F(X)<F(X)+6and |[V-V| <§

and set
F(XV,Y) = F(X)+ (VY = X) = £||y - X|°.

Our aim is to prove that % (X,V,Y) < F(Y). To this end, we set

z = XNX) and y = A(Y), and we introduce v € df(z) and U € O% such

that V = UT (Diagv)U. Observe that, by (4), we have z,y € B(Z,6); by

the property of F' = fo A, we have f(x) < f(Z)+ ¢; and by Theorem 15, we
have

lv—70|| <6 (7€ S%s). (14)

Moreover, since X and V admit a simultaneous spectral decomposition,
there exists 0 € " such that

Ao(i)(V + pX) = vi + pi (15)

where x = (z1,...,z,) and v = (v1,...,0,).

Step 3: Final argument. Let us note that
F(X,VY)=F(X) - g(llel2 HIY?) = (V. X) +(V +pX,Y), (16)
and let us observe that
FOO = SUXIP + V1P = £@) = SAlel? + Iwl®). (1)
On the other hand, the term (V, X) in (16) can be rewritten as follows:

(V,X)=(UVU",UXU") = (Diagv, Diagz) = v' . (18)
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Let us now focus on the term (V' + pX,Y). Using Theorem 5, we deduce
that
(V4 pX,Y) < MV +pX) A(Y),

and after rearranging the sum by means of the permutation o given in (15)
we obtain

(V4 pX,Y) < (0i+ pi) Yoy = 0" (o) + p2T (o). (19)
i=1

Then combining (16) with (17), (18) and (19) we deduce
FXVY) < f@) +0T oy — )~ 2l + ) — 207 (o),
which, in view of ||y|| = ||oy|| yields
ar T P 2
F (X, V.Y) < fz) +v (oy —2) = Slloy — 2|

We conclude applying (9): from (14), the prox-regularity of f at z for 7o
yields
F(X,V.Y) < floy) = fly) = F(Y).

The proof is complete. [

References

[1] D. Aussel, A. Daniilidis, and L. Thibault. Subsmooth sets: func-
tional characterizations and related concepts. Trans. Amer. Math. Soc.,
357(4): 1275-1301, 2005.

[2] F. Bernard and L. Thibault. Uniform prox-regularity of functions and
epigraphs in Hilbert spaces. Nonlinear Analysis, 60(2): 187207, 2005.

[3] J.M. Borwein and A.S. Lewis. Convex Analysis and Nonlinear Opti-
mization. Springer-Verlag, New York, 2005. Second Edition.

[4] F. Clarke, R. Stern, and P. Wolenski. Proximal smoothness and the
lower-C? property. J. Conver Anal., 2(1-2): 117-144, 1995.

[5] J. Dadok. On the C*° Chevalley’s theorem. Advances in Mathematics,
44: 121-131, 1892.

[6] A. Daniilidis, W. Hare, and J. Malick. Geometrical interpretation of
proximal-type algorithms in structured nonsmooth optimization. Opti-
mization, 55(5-6): 481-503, 2006.

14



[7]

8]

C. Davis. All convex invariant functions of hermitian matrices. Archiv
der Mathematik, 8: 276-278, 1957.

W. Hare and A.S. Lewis. Identifying active constraints via partial
smoothness and prox-regularity. Journal of Convexr Analysis, 11(2):
251-266, 2004.

R.A. Horn and Ch.R. Johnson. Matriz Analysis. Cambridge University
Press, 1989. (New edition, 1999).

A. Lewis and J. Malick. Alternating projections on manifolds. 7o
appear in Mathematics of Operations Research, 2007.

A.S. Lewis. Convex analysis on the Hermitian matrices. SIAM Journal
on Optimization, 6: 164-177, 1996.

A.S. Lewis. Derivatives of spectral functions. Mathematics of Opera-
tions Research, 21: 576-588, 1996.

A.S. Lewis. Nonsmooth analysis of eigenvalues. Mathematical Program-
ming, 84(1): 1-24, 1999.

A.S. Lewis and H.S. Sendov. Twice differentiable spectral functions.
SIAM Journal of Matriz Analysis and Applications, 23(2): 368-386,
2001.

M.K.H.Fan, N.-K.Tsing, and E.I. Verriest. On analyticity of func-
tions involving eigenvalues. Linear Algebra and its Applications, 207:
159 180, 1994.

R.A. Poliquin and R.T. Rockafellar. Prox-regular functions in varia-
tional analysis. Trans. Amer. Math. Soc., 348: 1805-1838, 1996.

R.A. Poliquin, R.T. Rockafellar, and L. Thibault. Local differentiability
of distance functions. Trans. Amer. Math. Soc., 352: 5231-5249, 2000.

R.T. Rockafellar. Favorable classes of Lipschitz continuous functions in
subgradient optimization. In E. Nurminski, editor, Non-differentiable
Optimization. Pergamon Press, 1982.

R.T. Rockafellar and R.J.-B. Wets. Variational Analysis. Springer
Verlag, Heidelberg, 1998.

15



Aris DANIILIDIS

Departament de Matematiques, C1/308
Universitat Autonoma de Barcelona
E-08193 Bellaterra (Cerdanyola del Valles), Spain.

E-mail: arisd@mat.uab.es
http://mat.uab.es/ arisd

Research supported by the MEC Grant
No. MTM2005-08572-C03-03 (Spain).

Adrian LEWIS

School of Operations Research and Industrial Engineering
Cornell University
Ithaca, NY 14853, USA.

E-mail: aslewis@orie.cornell.edu
http://www.orie.cornell.edu/"aslewis

Jérome MALICK
CNRS, Laboratoire J. Kunztmann
Grenoble, France.

E-mail: jerome.malick@inria.fr
http://bipop.inrialpes.fr/people/malick/

Hristo SENDOV

Department of Statistical & Actuarial Sciences
The University of Western Ontario
London, Ontario, Canada.

E-mail: hssendov@stats.uwo.ca
http://wwuw.uoguelph.ca/ hssendov/

Research supported by the NSERC of Canada.

16



