Steepest geometric descent for regularized quasiconvex functions
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Abstract. We establish existence of steepest descent curves emanating from almost every point
of a regular locally Lipschitz quasiconvex functions, where regularity means that the sweeping
process induced by the sublevel sets is reversible. We then use max-convolution to regularize
general quasiconvex functions and obtain a result of the same nature in a more general setting.
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1 Introduction

Steepest descent curves are at the core of the theory of variational analysis, differential equations
and optimization. Given a smooth function f : R¢ — R we call steepest descent curve the solution
of the gradient flow equation

{jg))) - ;()Vf(:c(t)), ae. t € 0,7, w1

It is well-known that the above differential equation has a solution (as a direct application of
the Picard-Lindel6f theorem). When the assumption of smoothness is missing, the existence of
steepest descent curves can still be established for convex functions. Indeed, if f : R? — R is
convex, its steepest descent curves are solutions of the subdifferential inclusion

m

{ab(t) —0f(x(t), ae. te(0,T], (1.2)
x(0) = xo.

It is well-known that the above differential inclusion admits a (unique) solution (see, e.g., [2]).
Similarly, existence of solutions for several gradient descent and proximal methods are often based
on convexity (see, e.g., [18]).

In the setting of metric analysis, a steepest descent curve is a 1-Lipschitz curve verifying the
metric equation

{(fox)’(t) = —|Vf|(z(t), ae. te]0,T], 13)

z(0) = o,

where |V f| denotes the (metric) slope of f introduced in [10]. The metric gradient flow given
by (1.3) has been studied in detail (we refer to [1] for a comprehensive exposition). Remarkable
families of functions also admit steepest descent curves in the above: semi-algebraic functions
[11, 14], geodesically convex functions in metric spaces [1] and smooth functions on Riemannian
manifolds (see, e.g., [23]). However, existence of steepest descent curves is in general hard to
verify, even for Lipschitz functions in R?. Due to this obstruction, the authors in [8, 15] consider



the more general notion of trajectories of a convex foliation (terminology introduced in [9]) and
establish existence of such orbits (see [8, Theorem 2.6] e.g). In case the foliation is given by
the sublevel set of a quasiconvex function, the above orbits are call orbits of geometric descent.
Their connection with steepest descent orbits has been explored in [11, 14]: these curves fail
to be steepest descent curves in general, but instead correspond to what the authors in [11]
called curves of near-steepest descent. One of the main difficulties is in the fact that the slope
mapping x — |V f|(x) fails to be lower-semicontinuous, inducing a gap with respect to its closure
x +— |V f|(z). Curves of near-steepest descent lie, in some sense, within this gap.

In this work, we are interested in steepest descent curves for the class of extended-valued quasi-
convex functions which are locally Lipszchitz on their domain. This is another very important
family in the context of optimization with amenable properties (see, e.g., [4]). Even though the
desired existence result seems to fail for this class as well (it is not yet clear if this is the case or
not), we have been able to provide a positive existence result for the class of regular quasicon-
vex functions, where regularity ensures that the sweeping process induced by the sublevel sets
is reversible. Then, for the general case of locally Lipschitz quasiconvex functions, we consider
a regularization scheme using the max-convolution operator (see, e.g., [20] and the references
therein). Indeed, we develop a technique which allows to provide, for any quasiconvex function
f:RY = RU{+oc0} that is lower semicontinous and locally Lipschitz on its domain, and any
g > 0, a regularization function f. satisfying the following properties:

(i). f- admits steepest descent curves for almost every initial data on its domain.
(ii). Every critical point of f. is at distance at most ¢ of a critical point of f.

Our work borrows heavily from the geometric approach of [8, 11]. We look at curves of geometric
descent. Then, under regularity assumptions we are able to reverting the (unilateral) sweeping
process and deduce that almost every curve of geometric descent is in fact a steepest descent
curve.

The rest of the paper is organized as follows: In Section 2 we fix our terminology and quote
some preliminary results. In Section 3, under adequate assymptions of the quasiconvex function
(ensuring the reversibility of its sweeping process flow), we directly relate steepest descent curves
as solutions of the sweeping process induced by the sublevel sets. In Section 4, we extend the
results of the preceding section to general quasiconvex function, by means of regularization and
localization.

2 Preliminaries

Throughout this work, we consider the Euclidean space R¢ endowed with its usual inner product
(-,+) and its induced norm ||-||. We denote by B(x, ) (respectively, B(z,r)) the open (respectively,
closed) ball centered at x of radius » > 0 and by B, (respectively, Sy) the unit closed ball
(respectively, the unit sphere). For a set A C R? we denote by int(A4), A, bd(A) and A° its
interior, closure, boundary and (negative) polar set, respectively.

For a function f : R — R U {400} and a € R, we denote by [f < a], the a-sublevel set of f,
that is,
[f <a] = {z € R?| f(z) < al. (2.1)



Similarly, we define the strict a-sublevel set [f < «], and the corresponding sets [f = af, [f > @]
and [f > a]. We denote its (effective) domain by dom f, that is, dom f = {z € R? | f(x) < +o0}.

A function f: R? — R U {+oo} is said to be quasiconvex if

Ve,y e RE Wt e [0,1],  f(tz+ (1 —t)y) < max{f(z), f(y)}. (2.2)

It is well-known that f is quasiconvex if and only if every sublevel set [f < «] is convex. Recall
that a function is lower semicontinuous (Isc, for short) if the sublevel sets are closed. In what
follows, we study functions belonging to the following class:

Q={f:R* - R U{+oc} | f is Isc quasiconvex and locally Lipschitz ondom f}. (2.3)
For a function f : R? — R U {+oco} we define the metric slope |V f| as
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400, otherwise,

, if z € dom f (2.4)

where a™ = max{a,0}. The metric slope enjoys several interesting properties (see, e.g., [1, 5]),
but it is well-known that it might fail to be lower semicontinuous (see, e.g., [11]). Thus, we
consider the limiting slope |V f| as the lower semicontinuous closure of |V f|, that is,

[V fl(x) = lim inf [V f|(y)- (2.5)

For a set S C R? and a point € R?, we denote by dg(x) or d(x, S) the distance from x to S and
by Projg(z) or Proj(x;S) the set of nearest points of z at S. Whenever this set is a singleton,
we call the unique nearest point as the metric projection, which we denote by projg(x).

A set S is said to be proz-regular if there exists a continuous function p : S — (0, +oc] such that
the enlargement of S given by

Uyy(S) = {u€R? : 3y € Projg(u) with dg(u) < p(y)}

is open, projg is well-defined on U, (S) and d3 is of class C' on U,.\(S) (see, e.g, [6, Prop. 4
and Prop. 11]). For r > 0, we say that S is r-proz-regular if the function p(-) can be taken as
p = r. Every convex set is (+00)-prox-regular.

It is well-known (see, e.g., [22]) that for a prox-regular set, Bouligand and Clarke tangent cones
coincide at every point (this is known as tangential regularity) and the same applies to the
classical notions of normal cones (Proximal, Frechet, Limiting, Clarke, and the Polar of the
Bouligand tangent cone). Since we are going to work only with convex and prox-regular sets, the
notions of tangent and normal cones are unambiguously defined. That is, for S C R? prox-regular
and z € S, we define the (Clarke) tangent cone and the (Clarke) normal cone of S at x as
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where Liminf is the inferior limit of sets in the sense of Painlevé-Kuratowski (see, e.g., [22]).



A set-valued map M : A= B is a mapping that assigns to each element a of A a subset M(a)
of B. We denote the domain of M and the graph of M as the sets dom M = {a € A : M(a) # 0}
and gph M = {(a,b) : b€ M(a)}. In the particular case when A = [0,7] and B = R?, we say
that the set-valued map is a moving set.

For two sets A, B C R?, the Hausdorff distance between A and B is given by

dy(A, B) :max{sgBdB(a), iggdA(b)} € [0, +o0]. (2.7)

A set-valued map M : A C RP = RY is said to be Lipschitz-continuous if there exists L > 0 such
that
Vo,y € A, du(M(x), M(y)) < L|z -yl (2.8)

Let K : [0,7] =R? be a moving set with prox-regular values. We define the sweeping process
differential inclusion of K as

{u(t) € —N(K(t);u(t)),  ae tel0,T] (2.9)

u(0) = zo € K(0),
It is well known that if K is Lipschitz continuous and uniformly r-prox-regular for some r > 0
(i.e., K(t) is r-prox-regular for every t € [0,T]), the sweeping process admits a unique solution
for every initial condition xy € K(0) (see, e.g., [21]). The following proposition surveys the main
properties of such a solution in the case of the sublevel moving set K : [0,7] =R? given by

K(t) = [f < f(zo) — t]. The first three statements are classic in the literature, while the fourth
one follows from [11, Theorem 3.4 and Claim 3.6].

Proposition 2.1. Let f : R* = R be a locally Lipschitz function, and let « € R and T > 0 such
that o — T > inf f. Let K : [0, T] = R? be the sublevel moving set starting from «, that is,

Kit)=[f<a—t, Vtelo,T)

If K is Lipschitz-continuous and uniformly r-proz-reqular, then for every xo € K(0) \ int(K(T)),
the sweeping process (2.9) has a unique solution w : [0,T] — R?, satisfying that

(i) u(-) is Lipschitz-continuous on [0,T].
(ii) For each t € [0, — f(zo)], u(t) = xo and

u(t) € bd K(t), Vt € o — f(zo0),T).

(i17) (fou)(t)=—1 forae. te[a— f(xy),T], and
(iv) u(-) is a curve of near-mazimal slope of f, in the sense that
1 1

IV fl(u(t)) < la@)] < m7 for a.e. t€a— f(xo), T).

(v) If u is differentiable at t and f is differentiable at u(t) then —u(t) € Ry {Vf(u(t))}.



Last but not least, following [12], given a Lipschitz function f : R? — RY, we denote by D f(x)
its derivative at a point x € R%, and define the Jacobian of f as

Jf(x) = | det(Df ()], (2.10)

at each point € RY where the derivative Df(z) exists. We finally denote by H™ the m-
dimensional Hausdorff measure.

3 Reversible geometric descent for regular quasiconvex functions

This section is devoted to the study of geometrical curves of descent for a lower semicontinuous
quasiconvex function f : R? — R U {+oc} which is locally Lipschitz-continuous on its domain.
We further consider functions that satisfy the following regularity hypotheses:

(H1) For every a € (inf f,sup f), the sublevel set S(«) := [f < a] is compact and has nonempty
interior.

(H2) For every = € dom f \ argmin f, the slope of f is bounded away from zero near x, that is,
there exists §,¢ > 0 such that

IV fl(y) > ¢, Vy € B(x,0) Ndom f.

(H3) For every « € (min f,sup f), there exist n,r > 0 such that for every g € (o« —n,a + 1), the
set U(B) := R\ int([f < B]) is r-prox-regular.

Notice that hypothesis (H1) yields that argmin f is nonempty while (H2) together with continuity
of f on its domain yield that for every x € int(dom f) and every 6 > 0 such that B(z,d) C dom f,
it holds:

bd[f < f(2)] [ B(x,8) = [f=f@)] () B(x,9). (3.1)

Indeed, continuity of f directly entails the inclusion. If the reverse inclusion does not hold, then
there would exists z € R? and € > 0 small enough such that B(z,¢) C [f = f(x)] N B(x,d). This
would yield that |V f|(z) = 0, which would be a contradiction.

Let us also mention that it is easy to construct a quasiconvex function f : RY — RU{+o0o} whose
sublevel sets have smooth boundaries, yet failing the reversibility hypothesis (H3).

Example 3.1. Let S : [0,2] =R? be a convex valued function defined by
B((0,3-20),1-t)
S(t) == C0(((2 —0)By) U (10,3 2t) + (1 — 1)B, )), if t € [0,1),
(2-1)By, if t €[1,2].

We set f(z) = inf{t : x € S(¢t)}. Then the function f is lower semicontinuous, quasiconvex and
locally Lipschity on its domain. Moreover, for every t € [0,2], the set [f = ¢] = bdS(t) is a
smooth manifold, whose the internal curvature is (1 —t) for ¢t € [0,1), and 2 — ¢ for ¢t € [1,2]. ¢



Figure 1: Boundary of S(¢) for t = 1/2, ¢t =3/4 and t = 5/4.

Let aj,as € R such that inf f < a1 < as < sup f. The goal of this section is to show that
under (H1)-(H3), the function f admits steepest descent curves, which locally induce a foliation
of the annulus [a; < f < ag).

The first step is the following proposition that shows that prox-regularity of the boundary entails
in fact smoothness of it.

Lemma 3.2 (Smoothness of the boundaries). Under (H1)-(H3), for every a € (inf f,sup f), the
set M = bd([f < al) is a CY-submanifold.

Proof. Let S = [f < a] and U = R?\ int(S). Since U is prox-regular, using [19, Theorem 6.42]
(and noting that prox-regularity entails regularity in the sense of [19, Definition 6.4]), we get that

des(x) = TS(J}) ﬂTU(m) Vz € bd S.

Moreover, since S is convex with nonempty interior, we can apply [7, Proposition 2.3] to deduce
that
Ty(x) = —Ts(x), VzebdSs.

Combining the above equations we deduce that Ti,qg(x) is a vector space. Using [22, Proposi-
tion 2.113.(a5)], we get R%\ Ts(z) C Ty (z) and consequently bd Ts(x) C Tpqs(z). We conclude
that Thqs(x) is of codimension 1. Therefore, for every = € bd S, there exists a unique (unit)
vector n(z) € S4 such that

N(S,z) = —-N(U,x) =Ryn(x).

Thus, N(bdS,z) = Rna(z). Since S is convex, the mapping 7 : bdS — S; is continuous.
Furthermore, since U is r-prox-regular for some r > 0, then the set U, = {z : dg(x) > ¢} must
be (r 4 €)-prox-regular. By noting that

1
n(x) = g(proj(x, U:) —x), Vx € int(dom f)Nbd.S,
we deduce that 7 : bd S — S, is also Lipschitz-continuous and the proof is complete. O

Remark 3.3. An alternative proof of the above lemma can be derived using the enhanced Baillon-
Haddad theorem of [17], by representing the convex set [f < a] as the epigraph of a convex
function over an appropriate subspace of codimension 1. The above presentation aims at further
describing the behavior of the tangent and normal cones of S = [f < a] and U = R?\ int(9).



Example 3.4. Smoothness of bd[f < «] does not entail that this set coincides with the cor-
responding level set [f = «]. Discrepancies may appear due to the cutting effect of dom f as
illustrates the following example: Set D = co(B2U((3,0)+B2)) C R?, and define f : R? — {+oc}
given by

Fag) = {min{t: (z,y) € (t,0) + B},  if (z,y) €D 52)

+ 00, otherwise.

The above function is quasiconvex and its sublevel sets are given by [f < t] = co(B2U((¢,0)+B2)),
fort €[0,3], [f <t]=dom f=Dift >3, and [f <t]=0if t <0 (see Figure 2 below).

()

Figure 2: The sublevel sets have smooth boundaries but these latter do not coincide with the level sets.

It is easy to see that f satisfies (H1), (H2) and (H3). The second one follows from the remark
that for every angle § € [—m/2,7/2] one has that

f(cos(9) +t,sin(F)) =t, Vte€|0,3],

and consequently |V f|(xz,y) > 1 for all (z,y) € dom f \ argmin f = D \ Ba. The first and third
hypotheses follows from the construction. O

In what follows, for a1 < as we set T := a9 — a1 > 0 and consider the annulus set
R(ar,o2) = [on < f < g
as well as the decreasing moving sets S , u given by

S:[0,T] = R | U:[-T,0=R?
S(t):=S(ag—t)=[f < g — 1] UT) :=Ulag +7) = R\ int([f < ag + 7))
(3.3)

Lemma 3.5. The moving set S (resp. U) is Lipschitz continuous provided (H1) holds (resp.,
(H1)-(H2) hold). Moreover, U is uniformly r-proz-regular for some r > 0, provided (H3) holds.

Proof. Thanks to (H2) for each x € R(a1, a2), there exist §, > 0 and ¢, > 0 such that
IV£(z) > £y, for all z € B(z,0z).

Since R(aq, ag) is compact due to the coercivity of f, we deduce that there is ¢ > 0 such that
|V f|(z) > ¢ for all x € R(a1, ). By [5, Theorem 2.1], for all z € R(ay,a2) and « € [aq, ag] we
have:

(e, [ < a]) < 3(f(x) — o).



Now, choose s,t € [0,7] and suppose that s < t. Then,
du(S(t),8(s)) = sup d(x, (1))
ze8(s)
= sup d(z,[f < a1 —t])
xeg(s)

1 1
< sup L(f(x) —on +1)F = sl

ze8(s)
Thus, S is a #-Lipschitz set-valued map. Now, fix z € U(—t) \U(—s) = U(—t) N S(s) and let 7
the exterior unit vector of S| (t) at proj 50) (). Then, since f is coercive, there exists ¢ > 0 such
that projg, («) + ¢ € bd S(s) = bdU(—s). Clearly

d(z,U(~s)) < ¢ = d(projg () + (7, 8(t) < sup d(y, S(1)).
y€S(s)

With this in mind, we can write

~ ~ P PN 1
dyU(=t),U(=s)) = sup  d(z,U(=s)) < sup d(y,S(t)) < 5[t = s].
zel(—t) N8(s) ye8(s)
Thus, U is also %—Lipschitz. The last assertion of the statement is straightforward. O

In what follows, we consider the sweeping process (2.9) for the moving sets S [0, 7] =R? and
U:[~T,0)=R? that is,
a(t) € N(S(t);u(t), t€[0,7] o(r) € NU(r);v(r)), 7€ [-T,0]
~ and . (3.4)
u(0) =z € S(0) v(=T)=yo € U(-T)

We now set
M=bd([f<as]) and  R=[f<as]\int([f < o)),

and consider the mapping
w:[0,T] x M =R
(t,m) = u(t,m),

where u(-,m) is the unique solution of the first sweeping process differential inclusion of (3.4)
with initial condition g = m.

Proposition 3.6 (Inversion of the sweeping flow). Let m € M () int(dom f). Under (H1)-(H3),
the mapping u : [0,T] x M — R is one-to-one and bi-Lipschitz near m.

Proof. Let us first show that u is (globally) Lipschitz. Let us denote by K the (common) Lipschitz
constant of the moving sets S(-) and U(-), given by Lemma 3.5 and let (t1,m1) and (t2,ms) in
[0,7] x M. Then

(s, m1) = u(ta, mo)|| < u(ty, ma) = ulte,m)l| + [ultz,; m1) = ults, mo)]
< Kty — ta| + ||m1 — mall,



The last inequality stems from the fact that the solutions of a Lipschitz sweeping process is
Lipschitz with the same constant (see [21]) and that for two different solutions, the convex values
of § yield that the distance between these is decreasing with respect to the time (see [16]).

Let further 6 > 0 be such that B(m,d) C int(dom f) and set I' = M N B(m,J). Since f is
continuous on its domain, we deduce that I' = [f = as] N B(m, ). Moreover, by continuity of u,
we get that there exists € > 0 such that

u((0,¢] x I') C int(dom f).
Evoking Proposition 2.1 we deduce that for every (t,m) € (0,e] x I', f(u(t,m)) = aa —t, that is,
u takes values in R.
Let us now show that u(-,-) is one-to-one on [0,¢] x I.

To this end, let (t1,m1), (t2,m2) € [0,€] x I' be such that u(ti,m1) = u(t2, ma). Since f(m1) =
f(m2) = o, we get that

ag —t1 = fult,m1)) = f(u(tz, m2)) = az — ta,

which yields that ¢t; = t5. Let us denote by ¢ the common value of t; = t5, and by % the common
value of u(t1, m1) = u(t2, ma2). Consider the differential inclusion

{@(t) e ~NU(t);o(t)  tel[-10],
v(—t) = a.

Hypotheses (H1)—(H3) ensure that i/ : [—,0] = R? is uniformly prox-regular and Lipschitz con-
tinuous, entailing that the above differential inclusion has a unique solution v : [~£,0] — R?
(c.f. Proposition 2.1). Noting that u(—-,m;) and u(—-,mg) are also solutions of the differential
inclusion, we conclude that

(3.5)

m1 = u(0,m1) = v(0) = u(0,ma) = ma.

Thus, (t1,m1) = (t2, me), proving that u(-,-) is one-to-one.
Let us now show that the flow can be reversed, and that the expansion of the reversed flow can
be controlled: to this end, let (¢1,m1), (t2,m2) € [0,¢e] x I', with ¢; < to, and set @; = u(t;, m;),
for i € {1,2}. Consider the differential inclusions
0i(t) € — N (vs(t), U(t t € [—t,0
{m( Je-N@®.UW),  tel-0, o,

vi(—t2) = w,

Thanks to Lemma 3.5 (see, e.g., [21]) and Proposition 2.1, the above differential inclusions have

unique solutions, vy, vy : [~ta,0] — R Tt is not hard to realize that va(t) = u(—t, m2) for every
t € [—t2,0] and that
Ui, if t € |[—t9, —11
v (t) = el |
u(—t,my), ifte[—t1,0].
Let us consider Py, := {so,...,S;} a uniform partition of [—t2,0] and for i € {1,2}, let v; 5, be the

polygonal curve emanating from wu; associated to P defined by

() i, if j =0
Vi k\Sj) = . -~ P
! proj(vik(sj—1);U(s;)), ifje{l,... k}.



Since for some r > 0 the sets /() are r-uniformly prox-regular for all ¢t € [—t3,0], taking k
sufficiently large such that the width of the partition |Py| is less than 1, the curves vy (-) and
v () are both well-defined. Furthermore, for each j € {1,...,k}

V1 e(85-1), v (sj-1) € U(s;) + K]sj — sj-1|Bq = U(s;) + (r~" - Kls; — sj-1]) 7Bq.

=k

Since proj(~,LA{(sj)) is Lipschitz with constant (1 — x) ™" over the set Z:{\(Sj) + K|sj —sj—1|Bg (see,
e.g., [6]) we deduce:

_ -1
o1k (s5) = vak(sp)ll < (L =171 Klsj = sj-al) 7 lore(sio1) — vau(sj-)|
rl KT\
< <1 — k) |v1,6(sj=1) — va(sj—1)ll,
Thus,

r~ KT —k
o1,4(0) = 02,k (0)]] < (1 - k) .

Since v; , converges uniformly to v; as k — oo (see, e.g., [6]), we conclude that
-1
lmy = ma| = or(0) = w2(0)|] < ™ FTur — ua|.

Note that
[t1 = to| = [f(u1) = f(u2)| < Lllus — us,
where L is the Lipschitz constant of f in R. We conclude that

-1
(tsma) = (t2,m2) | < (L+ €™ 5T JJu(ty, ma) = ulta, ma)]|.
This shows that u is bi-Lipschitz and the proof is complete. ]

The above proposition shows that the mapping u : [0,7] x M — R locally induces a foliation of
the annulus R = [ag < f < ag], near every point m € M N int(dom f). The problem appears
at points in bd(dom f) that belong to the boundary of more than one sublevel set, where the
mapping u loses injectivity. However, if dom f = R?, the neighborhood [0,¢] x I' can be taken
to be [0,T] x M and u : [0,7] x M — R induces a (complete) foliation of the whole annulus R.
This is illustrated in Figure 3.

For every m € M [ int(dom f) the set T = M N B(m, §) is a C1!-submanifold of codimension 1
and can naturally be endowed with its Hausdorff measure H#%!. Consequently, we can consider

the measure = £1 x H4! over [0,T] x T, where £; is the Lebesgue measure over [0,7]. We
further endow R = S(0) \ int(S(T)) with the usual Lebesgue measure £4 of R%.

Theorem 3.7 (control of null sets). Let N'C R? be a null measure set, and assume (H1)-(H3)
hold. Let m € M Nint(dom f) and let 6 > 0 such that T' = M (| B(m,d) C int(dom f). Then,
there exist ¢ > 0 and a subset A C T of full measure (i.e. HI"1(A) = HI¥1(T)) such that for
everym € A

Li({t €[0,e] : u(t,m)e N})=0.
If dom f = R?, then [0,€] x T' can be taken to be [0,T] x M.

10
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Figure 3: Illustration of foliation induced by u : [0,7] x M — R. Left: In blue, the part of M, corresponding to
M (int(dom f), that is injectively transported; In red, the part of M, corresponding to M (| bd(dom f), where u

fails injectivity. Right: The case where dom f = R?, and u induces a complete foliation.

Proof. Let € > 0 such that [0,e] x T" is the neighborhood that appears in the proof of Proposi-
tion 3.6. Without loss of generality, let us assume that N C O := u([0,¢] x I'). Note first that
p = L1 xH4!is a Borel measure over [0, ] x T'. This yields that u : [0,¢] x ' = R is measurable,
and therefore so it is 1 o u. Furthermore, since 1 o u is integrable, we can apply Fubini’s
theorem (see, e.g., [12, Theorem 1.22]) to get that the mapping v € T' — [ Ly (u(t,v))dt is
H?1-measurable and that

-1 _ _ U = ) U =1 ().
pet oo = [ = [ i) = [ [ e o

Since w is Lipschitz-continuous, its Jacobian Ju(t,vy) = |det(Du(t,7))| is well-defined p—a.e. in
[0,e] x I'. Thus, we can apply the co-area formula (see, e.g., [12, Theorem 3.10]) to write

/ul(j\[) Ju(t,y) du(t,v) = /O’HO (u—l(/\/) ﬂu_l(m)) dr = /Ndl‘ = L4N) =0,

e{0,1}

where the last equality comes from the fact that u is a bijection between [0,e] x I' and O and
consequently, H° (v~ (N)Nu"!(z)) = Ly (z), for all z € O. Finally, since u is bi-Lipschitz,
there exists a constant ¢ > 0 such that Ju(t,y) > ¢ for p-almost every (t,7) € [0,e] x I'. Thus,

f [ e ae = [ s [ g = [ ar=o

Then, the mapping v +— fOE T (u(t,v))dt is zero HY '-almost everywhere in I, and so
Li({te[0,e] : ult,y) eN}) =0, for Hi"l- a.e.yeT.
The proof is complete. ]

Combining Proposition 3.6 with Theorem 3.7, we will show that the mapping u : [0,T] x M — R
induces steepest descent curves almost everywhere. Indeed, for the spacial case dom f = R¢
the argument goes as follows: let A be the set of non-differentiability points of f. Then by
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Rademacher theorem L4(N) = 0. For every m € A (the full measure set given by Theorem 3.7)
the set

I, ={t€]0,T] : u(-,m) is differentiable at ¢t and f is differentiable at u(¢t,m)}
must be of full measure. Applying chain rule at every point ¢ € -m we deduce:

—1= (foul-,m))(t) = [V F|(ult, ) (t, m).

Thus, u'(t,m) = —|Vf|(u(t,m))~! for almost every ¢t € [0,T], which implies that u(-,m) is a
steepest descent curve. The general case, stated in the next theorem, follows the same idea, with
a localization argument.

Theorem 3.8 (Existence of steepest descent curves). Let f: R? — RU{+oo} be a quasiconvez,
locally Lipschitz and coercive function, satisfying hypotheses (H1), (H2) and (H3). Then, for
almost all x € int(dom f), f admits a steepest descent curve emanating from x.

Proof. Let N be the set of all z € int(dom f) for which f does not admit a steepest descent curve
emanating from x and let N be the set of all 2 € int(dom f) for which f is not differentiable at x.
By Radamacher’s theorem Lg(N) = 0. We shall show that the set A is also null. To this end,
fix @ € (min f,sup f) and set

Kam = [f < a] \int([f < min f + 1]); and
ch,n :NmKa,n

Let hap : R? — R be any Lipschitz extension of f from K, a,n to R?. Applying the co-area formula,

we deduce
o0

HI (N N ha k(1)) dt = /~ Jhan(x)dz = /~ Jf(z)dx.
Nan Nan

Since K, is compact and does not contain argmin f, hypothesis (H2) ensures that there exists
¢ € R such that Jf(z) > ¢ for almost all x € K, 5. Thus,

—00

- 1 [ .
LaNan) < - / HI (Nom N ho k(1)) dt

1 /¢ ~

= / HIN (N N L)) dt.

c minf—l—%
Let us fix t € [minf + 1/n,qa], set M = f~1(¢t) and choose m € f~1(t)(int(dom f). Let
[0,e] x Ty, and A, C T, be the neighborhood of m and the full measure subset of I';, given by
Theorem 3.7 for the null measure set A'. Then, for every v € A,, and almost every t € [0,¢],
u(+,7y) is differentiable at ¢t and f is differentiable at wu(t,~). Then, using Proposition 2.1 we can
apply chain rule todeduce that for almost all ¢ € [0, €],

d

1= (o ut )V (0) = | e )| Ittt )l = | Suteon) | 1971,

We conclude that for every v € A, u(-,7) is a steepest descent curve of f emanating from 7,
and 80 Np, N Ay = 0. Since f71(t) Nint(dom f) is o-compact, it can be covered by countably
many sets {I'y,, : k € N}, yielding

H (Nan N F7HE) < HTH MO\ Amg) = 0.

12



Since the latter conclusion holds for every ¢ € [min f + 1/n,«a], we deduce that L4(Ny,) = 0.
Taking n — oo and « " sup f, we deduce that

L4(N \ argmin f) = 0.

The assertion follows observing that, by definition of steepest descent curves, the set N ()argmin f
is empty. O

4 A regularization scheme for quasiconvex functions

In order to apply the results of Section 3, we present a regularization scheme based on the max-
convolution operator (see, e.g., [20]). For two functions f,g : R? — R the max-convolution (or
sublevel-convolution) of f and g, denoted by f ¢ g, is defined as

(fog)(z) = inf max{f(z—w),g(w)} (4.1)
Notice that whenever the infimum of (4.1) is exact, we have
[fog<a=[f<al+lg<a]l and [fog<al=[f<a]+]g<a] (4.2)

for every a € R.

In what follows we simply denote by B = By the closed unit ball of R?. Let us consider a
quasiconvex function f € O satisfying inf f = 0. Let € > 0 and let us denote by I.p the indicator

function of B, that is,
0, if x € eB
Ip(x) = .
+oo, ifx¢eB.

We focus on a particular max-convolution with g = I.g, namely, we study the function f, = fol.p
defined by

fe(x) = (folp)(x) = qj}rggf (x —ew), Vo € RY. (4.3)

The main property we are going to use for fe is that [f: < o] = [f < a] + B, for every a € R. If
inf f > —o0, we can easily adapt the definition of f. by considering f. = inf f + (f —inf f) ¢ Ip,
which still preserves the formulae of the sublevel sets. However, if f is not bounded from below,
the max-convolution loses that key property. Thus, for the general case, we consider the following
definition.

Definition 4.1. Let f € Q and ¢ > 0. We define the regularized function f. : R? — RU {+o0}
given by
= i f —
fe(z) inf (x — ew),
or equivalently, as the unique function satisfying that [f. < o] = [f < a] + B, for every a € R.
In what follows, we focus our attention on functions f € Q with min f = 0. The general case will

be treated later on in Theorem 4.5. The next proposition surveys some relevant properties of the
above max-convolution that we will use in the subsequent development.
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Proposition 4.2. Assume f € Q with min f = 0, let € > 0 and consider the maz-convolution
fe = folmp. Then, the following properties hold:

(i) [f- < a] = [f < o] + B, for every a > 0; therefore bd[f- < o] is an e-proz-reqular C1:*-
submanifold.

(ii) For e1,e9 > 0 such that e1 + e9 = €, one has that
fE = fs1 OIEQB = fsz OlsllB-

(iii) f- is locally Lipschitz-continuous on its domain dom f. = dom f + B.

(iv) For each x € R, f.(x) = f(z), where z = proj(x; [f < f-(x)]). Moreover, one has that
Vel (@) = [V£I(2).

Let us now choose z( € int(dom f) such that |V f|(xg) > ¢ (recall definition in (2.5)). Pick § > 0
sufficiently small such that

|V fl(y) > ¢, for every y € B(zo,8) C dom f (4.4)
and consider the function
hei=F+ 1p(ag 0)
Note that since min f = 0, one has that minh > 0.

Lemma 4.3. If (4.4) holds, the limiting slope |V h| is strictly positive on domh \ argmin h.

Proof. Set C := B(xg,d). Choose z € domh \ argminh set a = f(z) and 3 € (minh, ). Note
that the set [minh < f < ] N C has nonempty interior and consequently, by construction,

sup  d(y,R%\ C) > d(proj(zo; [f < B]),R*\ C)
ye[f<BINC
=0 — d(m'o, [f < 6]) > 0.

Thus, applying [13, Lemma 1], we deduce

§ + d(wo, [f < B])
6 — d(xo, [f < B])

d(z,[h < B]) = d(z,[f <BINC) < d(z, [f < 4.

Taking the limit 8 7 o = f(z), we obtain
Vi) = tim s s
> ey 5 O T A
-l s R e > Sz el
=¢(a)

Since the function z — ¢(h(z)) is continuous and strictly positive on dom h\argmin h the assertion
follows. -
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Lemma 4.4. For every e > 0, the function he = ho I g is quasiconvex, coercive, locally Lipschitz
on its domain and satisfies (H1)-(H3).

Proof. Since f € Q, it is straightforward that h is quasiconvex and locally Lipschitz on its domain.
Moreover, by construction dom h = B(x, ). Thus, Proposition 4.2 entails that k. is quasiconvex,
locally Lipschitz on its domain, and coercive, where the last property follows from the fact that
the domain dom h. coincides with the compact ball B(xg,d).

Notice further that coercivity and Proposition 4.2 (i) yield that the function h. verifies (H1)
and (H3), with r = ¢, while (H2) follows by Lemma 4.3 and Proposition 4.2 (iv).
The proof is complete. ]

We are now ready to establish the main result of this section, which provides steepest descent
curves for almost every point of the regularized function f. (where f € Q is not necessarily
assumed to be bounded from below) stemming from non-lower critical points, in the sense of
(4.5) below. Let us set:

U = {z € dom f. : |V fl(proj(z;[f < fo()])) > 0} (4.5)

Theorem 4.5. Let f € Q (not necessarily bounded from below) and € > 0. The regularized
function f. admits steepest descent curves emanating from almost every x € U.. In particular, if
f wverifies (H2), then f. admits steepest descent curves emanating from almost every x € dom f.

Proof. Let x € dom f. satisfying (4.5), and let z = proj(z, [f < f:(z)]). Then, there exist §,¢ > 0
such that for all 2’ € B(z,25) Ndom f, |V f|(2') > ¢.

Take 7 = minp, 5) f and note that f and g = max{f,r} coincide over B(z,2J), and so f. and
ge coincide on a neighborhood of z. Thus, we can replace f by g and assume, without losing any
generality, that » = ming = 0.

Take h = g + Ip(, ). Then, by Lemma 4.3, h verifies (H2). By invoking [3, Example 4.1] and
Lemma 3.5, we deduce that the mapping y — proj(y, [k < g¢:(y)]) is continuous over the set
[ge > min h]. This yields that there exists n > 0 such that

: )
proj(y, [h < ge(y)]) € 2 + 5B, Vy € B(z,n).
In particular, for all y € B(x,n) one has that proj(y, [¢ < g-(v)]) = proj(y, [h < ¢g-(y)]) and so,

> = 1 —
9e(y) > he(y) wéﬁeﬁh(y w)

> inf —w) = .
—wég?ﬁmg(y w) = g-(y)

Thus, g- and h. coincide in B(z,n). Now, applying Lemma 4.4 and Theorem 3.8, we deduce that
he, and so g. admits steepest descent curves emanating from almost every point in

B(z,n) ﬂ int(dom h.) = B(x,n) ﬂ int(dom g.).

The proof is complete. O
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(Open questions) The question of characterizing locally Lipschitz functions that admit steepest
descent curves on their domains is challenging. This is open even for the class of quasiconvex
functions, where a sufficient condition was obtained in [11]: namely, this happens whenever the
slope mapping = — |V f|(z) is lower semicontinuous, since in this case, every near-steepest descent
curve is also a steepest descent curve. Concurrently, it is not known if Theorem 4.5 presented
hereby is tight, or if the regularized quasiconvex functions f. admits steepest descent curves at
every point. Last, but not least, we do not dispose a satisfactory characterization for the slope
to be lower semicontinuous. In particular, it is not known if the slope of a regularized function
x +— |V fe|(z) is lower semicontinuous or not.
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