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DUAL CHARACTERIZATIONS OF RELATIVE
CONTINUITY OF CONVEX FUNCTIONS.
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ABSTRACT. Various properties of continuity for the class of lower semi-
continuous convex functions are considered and dual characterizations
are established. In particular, it is shown that the restriction of a lower
semicontinuous convex function to its domain (respectively, domain of
subdifferentiability) is continuous if and only if its subdifferential is
strongly cyclically monotone (respectively, o-cyclically monotone).
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1 Introduction

Let X be a Banach space and f : X — R U {400} a lower semi-
continuous (in short lsc) function. A recent result of Correa, Jofre
and Thibault ([3]) asserts that f is convex if and only if its Clarke-
Rockafellar subdifferential 0f is monotone. The same equivalence has
also been established for abstract notions of subdifferentials (see [1], for
example). In the aforementioned cases, since any notion of subdiffer-
ential of a convex function coincides with the classical Fenchel-Moreau
subdifferential, it follows that 0f is not only monotone, but also cycli-
cally monotone (see [6], for example). This latter property (that is,
cyclicity) is not just a stronger property than mere monotonicity, but
it expresses a behaviour of certain type. This behaviour has already
been discussed in relation with integration problems ([2], for example)
as well as in generalized convexity ([5]).

While cyclic monotonicity describes the behaviour of an operator
around a ‘cycle’ of finite points, a variant of it - called o-cyclic mono-
tonicity - was introduced and studied in [4]. Compared with cyclic
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monotonicity, this new property carries additional information on the
operator, since it describes its behaviour along infinite cycles formed
by converging sequences. In particular, the fact that the subdifferen-
tial df of a function f is o-cyclically monotone guarantees a certain
continuity property for the lsc convex function f.

In this article we show that the restriction of a Isc convex function
to its domain of subdifferentiability is continuous if and only if its
subdifferential is o-cyclically monotone; (this result was conjectured
in [4]). We also introduce the strong cyclic monotonicity, and show
that this property characterizes the subdifferentials of the lsc convex
functions having a continuous restriction to their domain, see Section
4.

The paper is organized as follows. In Section 2 we give some pre-
liminary results and we fix our notation. In Section 3 we prove a local
version of Rockafellar’s formula [8] concerning the representation of the
Isc convex functions. This local representation - apart from its inde-
pendent interest - will be in use in Section 4, where we establish dual
characterizations of the continuity of the functions f |4om  and f |aom af
for a Isc convex function f. Finally, in the same section, we give some
criteria for an operator to be strongly cyclically monotone (respectively,
o-cyclically monotone) and we classify the various concepts of cyclic
monotonicity.

2 Preliminaries

In the sequel, X will denote a Banach space and X* its dual. For
any r € X and z* € X* we denote by (z*, ) the value of z* at z. For
x € X and € > 0 we denote by B(z,¢) the closed ball centered at x
with radius e > 0, while for z, y € X we denote by [z, y| the closed
segment {tz + (1 —t)y : t € [0,1]}. For any closed segment [z,y] in
X and any ¢ > 0 we denote by B([z,y],¢) the e-neighbourhood of the
segment [z, y], that is

B([z,y],e) :=={w € X : 3z € [z, y] with ||z —w]| < e}.

Given a function f: X — RU {400}, we denote by dom f := {z €
X : f(z) € R} its domain. We say that f is continuous (respectively
Isc), if it is continuous (respectively lsc) at every point z € X, where



RU {+o0} is equipped with the topology generated by the family Sg U
{]z,+o¢], x € R} (Sr being the usual topology of R). Note that
such functions may take infinite values, as for instance the function
f:R—RU{+o0} with f(z) =1/z if x > 0 and o0 if x < 0.

Concurrently, a function f is said to have a continuous restriction to
a subset S of its domain, if f|s is a continuous (real-valued) function,
see also [7, page 82].

Throughout this article we shall deal with proper (that is, not iden-
tically equal to {+o0}) Isc conver functions. Let us remark that the
class of Isc convex functions with a continuous restriction in their do-
main is much larger than the one of convex continuous functions. It
contains in particular all indicator functions of closed convex sets, as
well as many other non-continuous functions, see [6, Example 3.8 (a)].

We recall from [6] that the subdifferential 0f of the function f at a
point x € dom f is defined as follows

Of(@) = {a* € X*: f(y) — f(a) = (a*,y —x), Wy € X}. (1)

Finally, T : X == X* will denote a multivalued operator defined on X
and taking values into subsets of X*. We denote by domT := {z €
X : T(x) # 0} its domain. We recall that T is cyclically monotone
if for any n € N, for any zg, 1, ...,2, in X and for any x§ € T(z0),
zy € T(x1), ..., xi € T(x,) we have

n

S et win — 31) <0, 2)

1=0

where z,41 := 9. Moreover, if T is not strictly contained (in the
graph sense) in any other cyclically monotone operator, then it is called
maximal cyclically monotone. Typical (and in fact exclusive) examples
of maximal cyclically monotone operators are the subdifferentials 0 f
of convex lIsc functions (see [6], for example).

3 Representation of convex functions

Rockafellar has proved in [8] that if T" is cyclically monotone, then
there exists a Isc convex function f such that T C 0f. The proof of
this result involves a typical construction based on 7. In particular,



starting from any point z of the domain of T (which is supposed to
be nonempty), he defined the following Isc convex function fr

fT(x) :sup{<x;,x—xn>+z<xf,xi+l —l’»} +Ca (3)

1=0

where c is an arbitrary constant and the supremum is taken over all n >
1, all zy, 29, ..., z, in dom T and all x} € T(xy), 2} € T(x41), ..., x5 €
T(xy,).

Let us note that xy appears in all sums at the right hand side of (3) and
that cyclic monotonicity property guarantees that fr(zo) = ¢, hence,
in particular, dom fr # ().

It is proved in [8] that the function fr is unique up to a constant,
whenever the operator 1" is maximal cyclically monotone, case in which
T - 8fT

Applying this result to the maximal cyclically monotone operator
df, (3) yields (for ¢ = f(xo)) the following representation for the lsc
convex function f

fa )—SUP{< +Z $i+1—$i>}+f($0), (4)

where the supremum is taken over all n > 1, all 1,29, ..., x, in
dom Of and all zf € 0f(xy), 2} € Of (x1), ..., x}, € Of (xn)-

This representation is global, in the sense that there is no limitation
for the choice of the points x1, xo, ..., x, in the above supremum. Let
us now produce a localized version of the formula (4) which will be
useful in the sequel.

Proposition 1 Let xqg € dom 0f. For any x € X and € > 0 we have

f(x)zf(fco)+sup{<x +Z TP iyt = >}, (5)

where the supremum s taken over all n > 1, all
T1, T2y .y T in domAf N B[z, x],€) (6)
and all i € Of (xy), x5 € Of (z1), ..., ), € Of (xn)-



Note that comparing with (4), the choice of the points x1, xs, ..., zy,
is constrained into the e-neighbourhood of [z, z].
Proof. Let us consider the indicator function A of the closed set
B([xo, ZU], 5)7 given by

[ 0 ifye B(xg1¢)
h(y) = { +00 ifggjﬁé B[z, 7], ).

Since B([xg,z],¢) is convex, for every y € B([xg,x],£) and y* € Oh(y)
we have
(y*, 2" —y) <0, Va' € B([zo, z],¢). (7)

Let us now consider the Isc convex function g(y) = f(y) + h(y) and
let us remark that domdg C domg C B([zg,x],£). Since dom f N
int dom h # (), it follows ([6, Proposition 3.15]) that

dg(y) = of(y) + Oh(y), (8)

for all y € B([xg, x],¢).
Applying formula (4) for the Isc convex function g at the point z,
and using the fact that g(y') = f(y') for all y' € B([xg, z],€), we get

1=0

f(x) = f(zo) + sup {@Z,x — Tn) + i(xf,xm - »Tz')} , (9

where the supremum is taken over all n > 1, all zy, zo, ..., x, in
dom 0g and all z§ € dg(xy), ] € Og(x1), ..., x} € Dg(xy).

In particular, for any M < f(x) — f(z0), there exist z1, xs, ..., z,, in
B([zo, z],¢) and z € dg(xy), x] € 0g(x1), ..., x) € Og(x,), such that

n—1
M < <IL');L, xr — l'n> + Z<l‘:, Tip1 — IZ>
i=0
Using (8), for i = 0, 1, ..., n, we can write ¥ = z¥ + y, where
zf € 0f (z;) and yf € Oh(z;). It now follows from (7) that

—_

n—

M < <Z* xr — l'n> + <ZZ<,.'L'Z'+1 — IZ>

n’

Il
o

i

Since M is arbitrarily chosen, the proof is complete. 0]
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4 Main results

In this section we establish dual characterizations for the class of
proper Isc convex functions f such that f|qom o7 (respectively f|dom r)
is continuous. These characterizations involve properties stronger than
(but reminiscent of) cyclic monotonicity for the subdifferential 0f.

Let us first state the following interesting result.

Proposition 2 Let xp € dom 0f. Then the following are equivalent:
(1) fldom f is continuous at .
(1) flaom af is continuous at .

Proof. We obviously have (i) implies (ii). For the inverse implication,
suppose that f |qom s is nOt continuous at zy. There then exists ¢ > 0
such that for all 4 > 1, there exists x; € dom f N B(xg,1/i) with

| f(z:) = f(zo) [> e
Now for each i > 1, we may find y; € domdf N B(zo,2/i) with
€
| (@) = f(wi) |<§

(this is possible because dom df is graphically dense in dom f). Then
we have {y;} — x¢ and | f(y;) — f(xo) |> €/2 for all i > 1, which
contradicts (ii). O

4.1 Relative continuity on dom Jf

We recall from [4] the following definition.

Definition 3 (i) Let xy € X. An operator T is called o-cyclically
monotone at g, if

limsup » (#}, zi41 — 2:) <0 (10)
=0

n—0o0

for all xj € T'(zo), for all {z;}i>1 in dom T satisfying lim; o z; = 2
and all {x}};> in X* satisfying z7 € T'(x;) for all ¢ > 1.

(ii) The operator T is called o-cyclically monotone, if it is o-cyclically
monotone at every z, € X.



Let us note that Definition 3 implies (in a trivial way) that 7" is
o-cyclically monotone at any z ¢ dom 7.

It is also easily seen that every o-cyclically monotone operator is
cyclically monotone. Indeed, given points xg, =1, ..., x, in dom 7', it
suffices to consider the sequence {z;};>1 in dom T', where x; = z, for
i > n + 1. Then relation (10) clearly yields (2).

The following theorem gives a positive answer to a conjecture raised
in [4].

Theorem 4 Let xy € dom 0f. The following are equivalent
(1) flaom af is continuous at xy.
(i1) Of is o-cyclically monotone at xq.

Proof (i) implies (ii). Let {x;}i>1 be any sequence in dom Of such
that lim; ,,, x; = xy. For any x} € 0f(x;), relation (1) implies

f(@iv1) = f(@i) 2 (27, 21 — 73). (11)

Adding (11) from i = 0 to an arbitrary integer n we obtain
f(@ns1) = f(wo) = Z<x:7 Tiy1 — Ti).
=0

As n — 400, the continuity of f|4om o at xo yields (10).

(ii) implies (i). Suppose that f|4om o7 is Dot continuous at x,. Since f
is Isc at @y, we deduce the existence of a sequence {z;};>; in dom 0f,
such that z; — 2o and liminf; ,o f(x;) > f(z). Take any € > 0 such
that

liminf f(z;) > f(xo) + 2¢.

1—+00

Let us fix ¢ € N. Using Proposition 1 for the points x; € dom df and
ziy1 € X and for the number 1/(i+ 1) > 0, we deduce the existence of
a finite sequence y; 1, Vi2, ..., Yik, in dom Of N B([z;, z;41],1/(i + 1))
and of yfo€0f(yio), i1 €0f (Win),- -, Yir, €Of (yi;) such that

ki
g

Wi Yige1r — Yig) = f(@ig) — fw) — BHEE (12)
0

J]=



where by convention vy, := z;, Yik;+1 = Ti+1. Adding (12) from ¢ =0
to an arbitrary integer n, we obtain
n

n ki
Z Z<y:]7 Yij+1 — Yij) = f(@ns1) — f(@0) — Z 221'

i=0 j=0 =0

Taking the limit superior as n — oo, the last inequality yields

n ki
limsup ZZ (Yij> Vi1 — Yig) = €.
nHeO s j=0
Since the sequence {Yoo, ---» Yok Y105 ---» Yk, ---} IS nOrm
converging to xy, we conclude that df is not o-cyclically monotone.
O

We can easily deduce the following corollary.

Corollary 5 The following statements are equivalent
(1) flaom oy is continuous.
(ii) Of is o-cyclically monotone.

We state below some typical examples of Isc convex functions such
that f|4om oy is discontinuous.

Example 1 ([7, page 83]). Let the function f : R* — R U {+oo} be
defined by
r3/xy ifxy >0
f(xl,xQ) = 0 lf.ib'l :ZUZZO
+o00  elsewhere.

The above function is Isc and convex (the latter can be verified by calcu-
lating the Hessian). Considering the sequence (1/n* 1/n) we conclude
that f|dom o7 is not continuous at (0, 0).

Example 2. Let the function f : 2(N) — RU {400} be defined by

+o0

f@)=llzll=) | @i

=0
for every x = {z;} € (*(N). Since f is the pointwise supremum of the
convex continuous functions f, : ¢*(N) — R U {+o0} defined for all
= {x;} € *(N) by fu(z) =37, ||, it is obviously convex and lsc.
However, f|dom os is discontinuous at any point of its domain. (Note
that in this example the domain of the function f is dense).



4.2 Relative continuity on dom f

Let us first give the following definition.

Definition 6 Let xy; € X. An operator T is called strongly cyclically
monotone at xg, if for every € > 0 there exists ¢ > 0 such that for every
z1 € domT N B(xy, d), for every sequence {z;};>2 in dom T satisfying
lim; , ; = %o, and for every sequence {z}};>; in X* satisfying z} €
T(x;) for all i > 1, we have

timsup 3 (af, w11 — 23) < (13)

n—00 -
=1

Let us note that T is strongly cyclically monotone (in a trivial way) at
every point in the complement of dom 7.

Proposition 7 Let xg € X. If T 1is strongly cyclically monotone at
xo, then T is also o-cyclically monotone at xy. The converse is also
true whenever xy € domT'.

Proof. Suppose that T"is strongly cyclically monotone at x,. It suffices
to consider only the case zy € dom 7. If {z;};>1 is any sequence in
dom T such that lim; ,, x; = zg, then for any £ > 0 we can apply (13)
for the sequence {y;}i> defined by vy := zy and y; :== x; 4 for all i > 2
(note that y; € domT N B(zy,d) for all 4). Since e is arbitrary, we
easily conclude that (10) is verified, hence T is o-cyclically monotone.
Conversely suppose that g € dom T and that 7T is o-cyclically
monotone at xy. We shall show that 7" is strongly cyclically monotone
at zo. Let € > 0. Then pick any = in T'(zo) and set § = ¢/||z§|| (if
xzy = 0, then take § = 1). Then for every xz; € domT N B(xg,d), we

have
[ (a1 — o) < . (14)

Since T is o-cyclically monotone at xg, it follows that for every sequence
{xi}i>2 in dom T satisfying lim; ,o, z; = %y, and for every sequence
{xf}is1 in X* satisfying o} € T'(z;) for all ¢ > 1, we have

n—o0

lim sup Z (xf, xi1 — x;) <0. (15)
i=0



Combining (14) and (15) we conclude that T is strongly cyclically
monotone at . O

Consider now the case where T'= 0f. Since dom f = dom 0f, we
conclude that df is o-cyclically monotone at every xzy € X \ dom Of
and strongly cyclically monotone at every zy € X \ dom f. It now
follows from Proposition 7 that for any zy € dom 0f, Of is strongly
cyclically monotone at xg if and only if df is o-cyclically monotone at
zo (if and only if f|qom o is continuous at ). The following theorem
(analogue to Theorem 4) deals with the case 27 € dom f.

Theorem 8 Let zy € dom f. The following are equivalent
(1) flaom f is continuous at xg.
(i1) Of is strongly cyclically monotone at xy.

Proof (i) implies (ii). Let ¢ > 0. According to (7), there exists § > 0
such that for all z € dom 0f N B(xy, 9)

| f(z) — flzo) [<e. (16)

Fix any z; in dom 0f N B(zg, ). Consider now any sequence {x;};>1

in dom Of satisfying lim; ,o x; = zp. Then for all 7 > 1 and all 2] €
Jf(x;), we have

f(@iv1) — fl@:) > (2], mip1 — @) (17)

Adding (17) from i = 1 to an arbitrary integer n, we obtain
n
f(@ni1) = flz1) > Z(azf, Tit1 — Ti)-
i=1

As n — 400, the continuity of f|4om s together with (16) yields (13).
(ii) implies (i). Suppose that f|4om f is not continuous at xo. Then
since f is Isc, there exists ¢ > 0 and {z;};>1 in dom f satisfying
lim;_, ., x; = xo such that
liminf f(x;) > f(zo) + 3e. (18)

1— 00

Since dom Of is graphically dense in dom f (|6, Theorem 3.17]), with-
out loss of generality we assume that {z;};>; is in dom 0f. Moreover,
for any 6 > 0, we may choose 1 5 in dom df N B(xy,d) such that

| f(z1,5) — flao) [ <e.

10



It follows that
liminff(z;) > f(x1,4) + 2e. (19)

11— 00

Applying Proposition 1 successively for the points {z 5, z1} and {z;,
xip1} for i@ > 1, and repeating the arguments of the final part of the
proof of Theorem 4 ((ii) implies (i)) we deduce the existence of a se-
quence {z;}; in X satisfying zp := z;5 and lim;_,» 2z; = xo, and of a
sequence {z}};>1 satisfying 2 € 0f(2;) for all 4, such that for every n

we have
w(n)

Z<Zz*7 Zigr — 2i) > f(Tni1) — f(21s) — &,

i=0
for some increasing function ¢ : N — N. As n — oo, thanks to (19),
we obtain

n
lim sup Z(zz*, Zi41 — %) > €.

n—oo
=0

Thus 0f is not strongly cyclically monotone at xg. O

We shall say that df is strongly cyclically monotone on dom f if it
is strongly cyclically monotone at any point of dom f. The following
corollary is analogue to Corollary 5.

Corollary 9 The following are equivalent
(1) fldom f is continuous.
(i1) Of is strongly cyclically monotone on dom f.

Remark. Combining Proposition 2 with Theorem 4 and Theorem 8
we obtain an indirect way to establish Proposition 7 for the special case

T = df.

Finally, the following proposition shows that df is not strongly
monotone at any zo € dom f \ dom f.

Proposition 10 Let xy € dom f \ dom f. Then Of is not strongly
cyclically monotone at xy.

Proof. Since f is Isc and z¢ ¢ dom f, it follows that for any sequence
{x;}i>1 in dom Of satisfying lim; ,., x; = xo we have lim;_,, f(z;) =

11



+00. Using the same arguments as in the proof of Theorem 8 ((i7)
implies (7)), for every M > 0 we obtain the existence of a sequence
{zi}i>1 in X satisfying 2 := z7 and lim;_,« 2, = xo, and of a sequence
{zF }i>1 satisfying 27 € 0f(2;) for all i > 1, such that for n large enough

n

Z(Z;,Zi+1 — 2zj) > M.

i=1
Thus 0f cannot be strongly cyclically monotone at x. 0]

Let us now show that Theorem 4 and Theorem 8 characterize dif-
ferent classes of functions. This is illustrated in the following example.

Example. Consider the following proper Isc convex function f : R? —
R U {400} defined by

x3/xy — Jr1 ifz >0
f(xl,a:Q) = 0 1fa:1 :ZUZZO
+00 elsewhere.

It is easily seen that
dom Of = {(x1,29) € R? : z; > 0},

while
dom f=dom df U {(0,0)}.

Clearly, the function f |4om oy is continuous. On the other hand,
the function f |gom s is discontinuous at (0,0), as can be shown by
considering the sequence (1/n* 1/n) which converges to (0,0).

Remark. The above example exhibits in particular the difference be-
tween Definition 3 and Definition 6 for 2y € dom 7"\ dom 7' (compare
also with Proposition 2).

4.3 Classification of the various concepts of cyclic mono-
tonicity

We first give the following definitions.
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Definition 11 We say that
(i) df is locally bounded on dom f, if for every 25 € dom f there exist
M > 0 and 0 > 0 such that

Vz € dom 0f N B(xg,0), Vz* € 0f(2), ||z*|| < M. (20)

(ii) 0f has a locally bounded selection on dom f, if for every z, €
dom f there exist M > 0 and 6 > 0 such that

Vz € dom Of N B(xg,d), 32" € df(2), ||z*|| < M. (21)

Let us observe that if f is the indicator function of any closed convex
subset K of X, then the operator 0f has a locally bounded selection
on dom f, without being locally bounded (unless K = X).

The following result is well known (see [6], for example).

Theorem 12 f is continuous if and only if Of is locally bounded on
dom f.

In the above case, it follows that dom f is open and dom f = dom Of.
Let us remark that it is possible to have dom f # X. It suffices to
consider the function f: R — R U {400} with

| 4oo iz <0
f(x)_{l/x if 7 > 0.

We now state the following sufficient condition for strong cyclic
monotonicity.

Proposition 13 If f has a locally bounded selection on dom f, then
Of is strongly cyclically monotone on dom f.

Proof. Let xg € dom f. In view of Theorem 8 it suffices to show that
the function f |4om s is continuous at . Since df has a locally bounded
selection on dom f and since dom Of is dense in dom f, there exists
d > 0 such that for every € dom f N B(zy,0) we can find a sequence
{zi}i>1 in dom Of satisfying lim; ,o, #; = = and a sequence {z}};>; in
X* satisfying = € 0f(z;) and ||z}|| < M for all i > 1. Then (1) yields
that
fzi) < f(wo) + (27, xi — o).

13



Since f is Isc, we conclude as i — +o00 that
f(@) < f(wo) + M||zo — . (22)
Since (22) holds for all x € dom f N B(xo,d), it follows that

limsup f [aom s (2) < (o).

T—TQ

Since f is Isc we conclude that f|qom f is continuous at x. O

The converse of Proposition 13 is not true as it is shown by the following
example.

Example. Consider the function f: R — RU {400} with

f(x)_{ —v/—z ifx <0

- +oo  ifx>0.

Then the restriction f |qom s is obviously continuous. On the other
hand, 0f does not have a locally bounded selection (take xy = 0).

Thus, between the various concepts we have considered, the follow-
ing implications hold, and none other:

0f locally bounded on dom f = f continuous
0f locally boundeduselection on dom f (!
df strongly cyclicall;i monotone on dom f <= flqom s continuous
of a—cyclicalﬁy monotone < fldom af ilontinuous
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